Starting from a sigma-model for a doubled target-space geometry, we show that the number of target-space dimensions can be reduced by half through a gauging procedure. We apply this formalism to a class of backgrounds relevant for double field theory, and illustrate how choosing different gaugings leads to string-theory configurations T-dual to each other. We furthermore discuss that given a conformal doubled theory, the reduced theories are conformal as well. As an example we consider the three-dimensional SU (2) WZW model and show that the only possible reduced backgrounds are the cigar and trumpet CFTs in two dimensions, which are indeed T-dual to each other.
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Introduction
One of string theory's attractive features is its rich structure of dualities [1] . This implies that two seemingly different formulations of string theory can be physically equivalent. An example for such a duality is T-duality, where string theory compactified on a circle of radius R is equivalent to a compactification on a circle of radius α ′ /R. Another example is S-duality, which relates a weakly-coupled regime to a strongly-coupled one. Furthermore, the AdS/CFT duality makes a connection between a gravity theory on AdS spaces and conformal field theories on their boundaries; and there are many more duality relations relevant for string theory.
In this paper we are interested in T-duality, for which an extensive review can be found in [2] . More concretely, when compactifying string theory on a circle of radius R, the theory can be quantized and the spectrum can be determined explicitly. T-duality then means that the spectrum is invariant under the map R → α ′ /R. For curved backgrounds, it is in general not known how to perform the quantization, however, the mapping between T-dual configurations is often still possible and is provided by the Buscher rules [3] [4] [5] . Furthermore, Roček and Verlinde have shown in [6] that T-duality is not only a symmetry of the spectrum, but a true symmetry of the underlying conformal field theory. Other related work in this context can be found in [7] [8] [9] [10] [11] [12] [13] [14] [15] .
An interesting application of dualities is that novel solutions with potentially new features can be obtained from existing ones. The prime example for this idea in the case of T-duality is the three-torus with H-flux, which we briefly review. Applying a T-duality transformation to this background gives the twisted torus [16, 17] , which is a geometric space carrying a so-called geometric flux. After a second duality transformation a locally geometric configuration is obtained, which is however globally non-geometric [18] . Here, the transition functions between different coordinate patches are no longer only diffeomorphisms, but involve duality transformations [19] . This construction is called a T-fold [20] , and it carries a socalled Q-flux [21] . It has also been argued that a third T-duality transformation can (at least formally) be performed ending in a space with R-flux [21] . The nongeometric spaces spaces carry non-commutative and non-associative structures and have been studied from a mathematical point of view in [22] [23] [24] [25] , later in [26, 27] , and have been reconsidered in a series of papers [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . Thus, as mentioned above, applying T-duality transformations to known backgrounds can lead to new string-theory configurations with novel features.
There are a number of different approaches to study non-geometric backgrounds in particular, and T-duality in general. From the word-sheet point of view, leftright asymmetric string CFT constructions, which have been already constructed several years ago [44] [45] [46] [47] , correspond to non-geometric string backgrounds. Further aspects of non-geometric string constructions have been analyzed from a worldsheet point of view in [48] [49] [50] [51] [52] [53] . Non-geometric flux configurations have been investigated via field redefinitions for the ten-dimensional supergravity action in [54] [55] [56] [57] [58] [59] [60] [61] . Another strategy is to make T-duality into a manifest symmetry of an action. This can be achieved by introducing additional auxiliary, but unphysical, coordinates. Through this procedure the dimension of space-time is doubled -and the physical configuration is obtained by removing half of the coordinates. Different choices for which coordinates are removed then lead to backgrounds which are T-dual to each other.
• From the world-sheet point of view, such a construction has first appeared in [62, 63] , based on work in [64] , and has been revisited for instance in [65] (see also [66] ). In this formulation manifest Lorentz invariance is however broken, which has later been addressed in [67, 68] . In [20, 69, 70] a different doubled formalism appeared, in which a constraint to reduce the number of coordinates has to be imposed by hand.
• From a target-space perspective, an action invariant under T-duality has been developed (using also world-sheet techniques) in [71, 72] , but also here at the cost of broken Lorentz covariance. In [73] [74] [75] , combining insight from string field theory with the doubled formalism, the framework of double field theory (DFT) has been developed (for reviews see [76, 77] ). Double field theory is a field theory with a doubled number of target-space dimensions, which is manifestly invariant under T-duality. Though, on the other hand, it is in general not known how to incorporate massive excitations of the string into this setting.
• We also mention that from a mathematical point of view, the idea to double the coordinates in order to make T-duality a symmetry has been discussed in [78, 79] .
In this paper, we follow the approach of doubling the number of target-space dimensions in order to make T-duality a manifest symmetry. We consider a worldsheet formulation, and we discuss the conformal properties of the corresponding doubled and physical theories. Our main strategy is the following:
1. We start from a background in D dimensions with two directions of isometry.
The background is required to have vanishing β-functionals for the metric and B-field, but the β-functional for the dilaton is non-zero at tree-level. It is therefore not a critical string theory.
2. Next, we gauge one of the two isometries in the world-sheet theory, and integrate-out the corresponding gauge field. As we show in detail, the resulting metric and B-field are that of a (D − 1)-dimensional target-space theory.
The reduced theory in D − 1 dimensions is conformal, in particular it is a string theory.
3. Gauging a different isometry leads to a different D-dimensional background. However, these lower-dimensional theories are related to each other through T-duality transformations.
Thus, we provide a world-sheet approach to doubled geometry, in which the Tdual backgrounds originate from different choices in a reduction procedure. The novel aspect of our analysis is that the reduction is achieved by gauging isometries and integrating-out the corresponding gauge field, instead of imposing constraints explicitly. We also would like to point out relations between our work and other approaches. First, our strategy is closely related to Buscher's procedure of gauging an isometry and integrating-out the gauge field A [3] [4] [5] . However, in Buscher's work a Lagrange multiplier is introduced which implements the vanishing of the field strength F = dA. This Lagrange multiplier becomes the dual coordinate after T-duality, and hence the dimensionality of the target space is unchanged. In our work, we impose the vanishing of the field strength by hand, without including a Lagrange multiplier. We therefore find that the number of space-time dimensions is reduced. Second, there is no direct connection to the canonical-transformation approach to T-duality discussed for instance in [7, 11] , since we obtain a reduction of the dimensionality of the target-space. Third, similar to Buscher's approach, a Killing vector field k and a one-form v will play a prominent role in our analysis. In particular, T-duality in the reduced theories will be realized by interchanging the role of k and v. Such a transformation can be described using the framework of generalized geometry (see [80] and [81] for the original work, and for instance to [82] for a discussion in the context of T-duality), in which the tangent and co-tangent space are treated on equal footing. Finally, we mention that a related world-sheet discussion has appeared in [67, 68] . This paper is organized as follows: in section 2 we discuss how by gauging certain symmetries of a non-linear sigma-model and integrating-out the corresponding gauge field, the number of target-space dimensions is reduced. We first consider the case of a single doubled dimension, and then generalize to multiple doubled dimensions. In section 3, we apply this procedure to a particular type of backgrounds relevant for double field theory. These backgrounds have also appeared in the work of Roček and Verlinde [6] , and we find that our results incorporate those of [6] nicely. In section 4 we first discuss the SU(2) Wess-Zumino-Witten model as an example, and then comment on the generalization to arbitrary Lie groups. Section 5 contains our summary and conclusions.
Dimensional reduction by gauging isometries
In this section we discuss on general grounds how by gauging a symmetry of a nonlinear sigma-model and integrating-out the gauge field, the number of target-space dimensions can be reduced.
Gauging an isometry
Let us start by reviewing the gauging procedure for non-linear sigma-models. This has been discussed by Hull and Spence in [83, 84] , and has recently been revisited and further analyzed in [13, 14] .
Sigma-model action and isometries
Our starting point is the a non-linear sigma-model action for a metric G, antisymmetric tensor field B and a dilaton Φ. We employ a formulation of this action as a Wess-Zumino-Witten (WZW) model, where instead of B itself the field strength H = dB appears. The action reads
where the indices i, j, k = 1, . . . , D label the target-space coordinates. The Hodge star operator on the world-sheet is denoted by ⋆, Σ is a three-manifold with boundary ∂Σ, and R denotes the Ricci curvature scalar on the world-sheet ∂Σ.
In order to follow the procedure we have in mind, we assume the action (2.1) to be invariant under the following global variation
This requirement translates into three conditions for the target-space metric G, the field strength H and the dilaton Φ, which read as follows:
• First, the vector k = k i ∂ i has to be a Killing vector for the metric G. Using the coordinate-free notation G = G ij dX i ∧ ⋆dX j and the Lie derivative
• Second, invariance under global variations (2.2) implies for the field strength
for v a one-form on the target space. Note that v in (2.4) is defined only up to a closed part. Equation (2.4) is equivalent to L k B = dv ′ with v ′ some other one-form, which then leads to
(2.5)
• The third condition for the variation of the action to vanish is
Gauging the sigma-model
Next, we gauge the symmetry (2.2) by allowing ǫ to have a non-trivial dependence on the world-sheet coordinates. We therefore introduce a gauge field A and replace dX i → dX i + k i A for the term involving the metric. For the Wess-Zumino term we keep dX i unchanged, but introduce a coupling between the one-form v and the gauge field A. The resulting gauge-invariant action takes the following form [83, 84] 
where k denotes again the Killing vector of the target-space isometry which has been gauged. The symmetry transformations for the fields in the action read
Moreover, for gauge invariance of the gauged action (2.7) we have to require [83, 84] 
Note that by gauging the symmetry (2.2) we have introduced two new degrees of freedom into the theory, out of which one can be eliminated by a gauge transformation (2.8). In order to eliminate the second additional degree of freedom, and for the gauged action (2.7) to be equivalent to the ungauged one (2.1), we impose the constraint 0 = F = dA .
(2.10)
When studying T-duality, this constraint is usually realized using a Lagrange multiplier. However, here we chose to impose the constraint by hand.
Reduction of dimensions
After gauging an isometry of world-sheet action, we now want to integrate-out the corresponding gauge field. This leads to a reduction of the number of target-space dimensions.
Integrating-out the gauge field
To integrate-out the gauge field A, we determine its equation of motion following from (2.7). With |k| 2 = k i G ij k j the norm of the Killing vector field, we find
If |k| 2 is non-vanishing, we can solve (2.11) for A and substitute the solution back into the action. The resulting world-sheet action takes the general form
(2.12)
With k = k i G ij dx j the one-form dual to the Killing vector k, we find forǦ anď H the expressionš
Let us also recall that the gauge field A is subject to the constraint (2.10), in particular, the solution (2.11) has to satisfy dA = 0. Using the equations of motion for X i , we can express this constraint as
where the Levi-Civita connection appearing in ∇ is computed using the original metric G, and v i = G ij v j are the components of the vector field v = v i ∂ i dual to the one-form v. Details about the derivation of these relations can be found in appendix A.
Reduced geometry
Next, we observe thatǦ in (2.13) has an eigenvector with zero eigenvalue. Indeed, let us consider
which vanishes due to (2.9). In a similar way, for the field strengthȞ we find after a short computation that
Thus, even though the original D-dimensional metric G ij is non-degenerate, the matrixǦ ij defined via (2.13) has one vanishing eigenvalue with eigenvector k.
Moreover, it turns out that k is also a Killing vector forǦ (and similarly forȞ), that is
Given that k is a null-vector, we can perform a change of coordinates. Assuming without loss of generality that k 1 is non-zero, we transform the matrixǦ aš
In the transformed matrixǦ ij all entries along the i, j = 1 direction vanish, and we therefore arrive at the expressioň
where a, b = 2, . . . , D. Turning to the field strengthȞ and employing the matrix T i j , we transformȞ as followš
Similarly to the transformed metricǦ ij , we again find that all components ofȞ along the i = 1 direction vanish, that iš
From (2.19) and (2.21) we can conclude that in the action (2.12) the forms corresponding to the i = 1 direction have dropped out.
Change of coordinates
However, this observation does not imply that we have arrived at a lower-dimensional theory. In particular, let us consider the transformed basis of one-forms given by e i = (T −1 ) i j dX j . For the transformation matrix T shown in (2.18) we find
where again a = 2, . . . , D. Note that the algebra of one-forms {e a } in general does not close, but requires the basis of forms in the full D-dimensional space. More concretely, we have
Therefore, in order for {e a } to close on itself and to properly reduce the Ddimensional target space to (D − 1) dimensions, for all a, b ∈ {2, . . . , D} we have to require
Performing a change of coordinates in the original geometry, it is always possible to choose k a = 0 for all a = 2, . . . , D. The requirement (2.24) can therefore be satisfied. Furthermore, using (2.17) and (2.6) together with k a = 0 we can show that the componentsǦ ab andȞ abc do not depend on the coordinates in the direction k. Hence, after this change of coordinates we have arrived at a (D − 1)-dimensional target-space background.
Generalization to multiple isometries
In the last two sections, we have described how to reduce the number of targetspace dimensions of a non-linear sigma-model by gauging a single world-sheet symmetry. In this section, following [14] , we generalize this procedure to multiple, possibly non-abelian, symmetries.
Original action and isometries
We start again from the ungauged sigma-model action shown in equation (2.1), and assume that this action is invariant under the global symmetries 25) labeled by α = 1, . . . , N. We can assume without loss of generality that the vectors k α are linearly independent. Furthermore, in order for the algebra of variations to close, the algebra generated by the vectors k α is required to close,
Demanding then the action (2.1) to be invariant under (2.25) translates into the following conditions, generalizing the expressions given in section 2.1
The one-forms v α are defined only up to a closed part, and their dual vector fields will be denoted by v α in the following.
Gauged action
Next, we gauge the symmetries (2.25). The resulting action has been derived in [83, 84] and reads (in the notation of [14] ) as
The local symmetry transformations take the form
and for invariance of the gauged action (2.28) under the transformations (2.29) we have to require that
Finally, we mention that by introducing the gauge fields A α , we again have enlarged the number of degrees of freedom of the theory. In order for the gauged action to be equivalent to the ungauged one, we demand the field strengths F α to vanish, that is
Integrating-out the gauge field The next step is to integrate-out the gauge field. The equations of motion for A
where we remind the reader that α, β, γ = 1, . . . , N label the isometries which have been gauged. In the above expression, we have employed the notation 33) and have assumed the matrices G and M to be invertible,
In the case of a single Killing vector this corresponds to the usual requirement that |k| 2 = 0. After integrating-out the gauge field, the resulting action takes the general form shown in (2.12). Using matrix multiplication and suppressing the indices α, β, . . . the metricǦ and field strengthȞ are given by
Furthermore, we note that the requirement of vanishing field strength shown in equation (2.31) imposes additional constraints. These are the generalizations of (2.14) which read
where v α = v α i G ij ∂ j are the vector fields dual to the one-forms v α . Details on the derivation of (2.36) can be found in appendix A. Moreover, employing (2.27) and (2.30) we can determine the following algebra
Reduced geometry
Next, we observe that, as before, the vectors k α are null-vectors as well as Killing vectors forǦ andȞ. In particular, we have
We can therefore perform a change of basis in the following way
where we arranged the matrix T in such a way that the upper-left block is invertible. (This is always possible provided the Killing vectors are linearly independent.) The schematic form of the transformed matrixǦ iš 
Performing furthermore a change of coordinates such that k i α = 0 for i = N + 1, . . . , D and using (2.38), we can show that the algebra of transformed one-forms {e a } closes under d, and that componentsǦ ab andȞ abc do not depend on X i for i = 1, . . . , N. Hence, we have arrived at sigma-model whose target-space geometry is reduced by N dimensions.
Summary and discussion

Summary
Let us briefly summarize and discuss the results obtained in this section.
• Our starting point was the non-linear sigma-model action (2.1) which we assumed to be invariant under global transformations δ ǫ X i = ǫ α k i α with α = 1, . . . , N. This requirement implies that the vectors k α have to be Killing, it gave rise to the definition of one-forms v α , and it implied that k m α ∂ m Φ = 0. In formulas this reads
Note furthermore that the algebra of Killing vectors can be non-abelian with structure constants f αβ γ .
• Next, we gauged this world-sheet symmetry. The gauged action has been shown in (2.28), and for gauge invariance one has to require (2.30) , that is
• Finally, through the gauging procedure gauge fields A α have been introduced. In order to for the gauged and ungauged theory to be equivalent, we required that the corresponding field strengths vanish, F α = 0. The latter condition is satisfied provided that
If these conditions are met, it is possible to gauge the isometries associated to k α without introducing additional degrees of freedom. Integrating-out the gauge field from the action and performing a change of coordinates gives a target-space background, which is reduced by N dimensions. The expressions for the reduced metric and field strength are obtained from (2.35) using the change of coordinates shown in (2.39).
Remarks
Let us conclude this section with the following remarks:
• We observe that the conditions (2.42) and (2.44) are the same expressions with k α and v α interchanged. Writing them in a coordinate-dependent way and after a slight rearrangement, we have
together with
(2.46)
• We also remark that for vanishing H-flux, the components k i α and v i α have to be covariantly constant. Hence the structure constants of the isometry algebra vanish,
Furthermore, for H = 0 the one-forms v α , and consequently the vector fields v α , can all be chosen to be zero.
Relation to Roček & Verlinde
In this section we make contact between our discussion in section 2 and the work of Roček and Verlinde (RV) [6] , which has also been used in [52] . In particular, we assume the metric G and the field strength H appearing in the world-sheet action (2.1) to have a specific form, corresponding to torus fibrations over a base manifold. These are the geometries relevant for double field theory.
Single doubled dimension
Let us start by applying the formalism explained in the previous section to the setting of Roček and Verlinde [6] .
Background
More specifically, the RV background is given by first considering the following two-dimensional non-linear sigma-model
where a, b = 3, . . . , D + 1. Note that here we employed a complex basis on the world-sheet. In this action, the target space is (D−1)-dimensional with coordinates X a . Next, we enlarge the target space by introducing two additional coordinates X L and X R , and define a new (D + 1)-dimensional parent sigma-model as 
We then perform the field redefinitions
and
, after which the parent background (3.3) can be expressed as
We also mention that compared to the previous section, we have slightly changed our notation for the indices. In the following we use
Isometries
In [6] , and also here, the quantities B, G ± a , g ab and b ab only depend on the coordinates X a . Therefore, the metric G IJ in (3.5) has at least two abelian isometries generated by the Killing vectors
Note that G IJ and B IJ do not constitute the most general (D + 1)-dimensional sigma-model background, but are of rather restricted form. For a general background with two abelian isometries of the form (3.7), the sigma-model action would be invariant under O(2) × O(2) transformations. However, in order to preserve the restricted choice of the background as given in equations (3.3) and (3.5), the action is only invariant under a Z 2 transformation. This can be formulated as an automorphism 8) or in terms of the coordinates (3.4) as
together will the following transformation on the background fields:
As we will see below, for the reduced background this transformation is nothing else then standard T-duality.
Reduced background
Let us now follow the procedure explained in the previous section. In particular, we gauge a symmetry of the sigma-model by the following linear combination of the isometries (3.7)
Next, we determine the one-form v defined via (2.4). Solving the constraints (2.14), we obtain
However, imposing furthermore the condition (2.9) leads to a b = 0 which leaves only the two cases
Note that here and in the following we assume that the field strength H = dB is non-zero along the directions I = 1, 2, that is H 12a = 0. For vanishing H, the restriction (3.13) does not apply.
With the above data, we can now determine the (D + 1)-dimensional matrix G defined in (2.13). Since this matrix has a null-eigenvector, we perform a change of coordinates such that the reduced metricǦ only depends on the following Ddimensional basis of the co-tangent space
14)
The dependence of the fields can be relabelled as X a = Y a . With i, j = 2, . . . , D+1 we determine the components of the reduced metric aš
where the upper sign corresponds to the first choice in (3.13) and the lower sign to the second. Performing the same procedure for the H-fieldȞ given in (2.13), we can infer the corresponding reduced B-field aš
Since these two theories descend from a single parent theory, in the following we call them child theories. As it is well-known, the two backgrounds specified by the upper and lower sign are T-dual to each other. The transformations between them is given by the Buscher rules [4, 5, 3] .
Discussion
In this subsection, we have related the results of Roček and Verlinde in [6] to our discussion in section 2. We made the following observations:
• First, for the choice of metric and B-field shown in (3.3), we have reproduced the two reduced backgrounds of [6] specified in (3.15) and (3.16).
• Second, since the parent background has the two abelian isometries (3.7), one might have expected that any linear combination (3.11) can be gauged. This would give rise to continuous family of reduced backgrounds. However, for non-vanishing H-flux along the I = 1 and I = 2 direction the constraints (2.45) allow only for two solutions, which explains the results of [6] in a broader context.
• Third, for the RV background we saw that at the level of the parent theory, T-duality corresponds to two different choices of Killing vectors. In view of our discussion in section 2, this means choosing either k or v for the gauging procedure.
Conformal invariance of parent and child theories
In this section we compare the β-functions of the (D+1)-dimensional parent theory with the β-functions of the D-dimensional child theory. In general the β-functions are given by the following set of equations
β-functionals for a three-dimensional parent theory
In order to keep our discussion tractable we focus on D = 2, that is we consider a three-dimensional parent theory. In this case the H-field has only one non-trivial component, namely
The vanishing of the β-functional for B then reduces to
Note that here and in the remainder of this section, we denote the derivative with respect to X 3 by a prime. Since Γ
log(det G) ′ , it follows by integration that the dilaton is given by 19) with φ 0 a constant. For this solution of the dilaton, all β B -and β G -functionals in three dimensions are vanishing, except
Let us now combine equation (3.19) and the requirement of vanishing β-functional (3.20). We can infer two classes of solutions:
a) The first class of models is characterized by a constant dilaton Φ, which trivially satisfy β G 33 = 0. The flat torus in three dimensions as well as the SU (2) and SL(2, R) models are examples thereof. Note also that a constant dilaton implies
b) The second class of models is given by a non-constant dilaton. The vanishing of β
We also mention that for the class of solutions a), the β Φ -functional (up to linear order in α ′ ) is constant. Similarly, one can show in a somewhat more involved way that β Φ is constant also for case b).
β-functionals for the two-dimensional child theories
Let us now turn to the two-dimensional child theories. The metric and B-field are given by the expressions shown in (3.15) and (3.16) , and the dilaton of the child theoriesΦ is obtained by the usual Buscher shift, namely
For the β-functionals of the child theories we observe that in two-dimensions the H-field is vanishing, and hence the β B -functional vanishes identically,
Forβ G we can perform an explicit computation using for instance a computer algebra program. With the dilaton of the parent theory given in (3.19), we find that the β G -functional of the child theories vanish, that iš
The β Φ -functional for the child theories are computed slightly differently for the cases a) and b) mentioned above. However, for both we find thatβ Φ is constant. Moreover, the contribution ∆
(1) at linear order in α ′ is the same for the parent and child theories, i.e.
Note that the tree-level contribution to this β-functional is different for the parent and child theories. In view of their applications to T-duality, we require the child theories to be string theories, that is D = D crit . In turn, this implies that the β Φ -functional of the parent theory is non-vanishing and hence the parent theory is not a string theory.
Multiple doubled dimensions
Let us now generalize our discussion from section 3.1 to multiple doubled dimensions. Here, we focus on the abelian case; the non-abelian situation will be discussed elsewhere.
Doubled background
We begin by specifying the geometry of the doubled background. We start again from the sigma-model (3.1), and enlarge the target space by 2N coordinates {X α L , X α R }. The resulting action reads 27) where α, β = 1, . . . , N and a, b = 2N + 1, . . . , 2N + D, and where we assume all couplings B αβ , G L/R aβ to only depend on the coordinates X a . Next, we perform a change of coordinates
and define
Suppressing the indices, the resulting metric and B-field (written in a basis X I = {X α , X N +α , X a }) take the following form
Note that since all components only depend on X a , this background has at least 2N isometries. Without loss of generality, we can express the corresponding Killing vectors as
Furthermore, the background specified in (3.30) is invariant under the following combined transformation
which implies k α ↔ v α for the Killing vectors.
Reduced background
Let us now follow the procedure introduced in section 2 to obtain the reduced background. In particular, we want to gauge the N isometries specified by k α and integrate-out the corresponding gauge fields.
The vectors (3.31) satisfy the conditions shown in (2.45) and (2.46). We can therefore apply the reduction procedure, for which the matricesǦ andB defined in (2.35) take the general form
where we applied a gauge transformation to remove a constant term inB. The explicit expressions for the components can easily be determined from (2.35). However, to illustrate the underlying structure we consider the case B − = 0 for which we findǦ
These are the generalizations of (3.15) and (3.16) . Note that if we choose to perform the reduction by gauging the vectors v α instead of k α , we obtain (3.34) with the replacements B + → −B + and G ± → G ∓ . We have therefore shown, that our analysis of a single doubled dimensions generalizes to multiple doubled dimensions. In particular, T-duality is again given by interchanging the vector fields k α and v α .
Examples
Let us now apply the procedure introduced in the previous sections to WessZumino-Witten models. We first consider the SU(2) example, and then comment on the generalization to arbitrary Lie groups. Note that WZW models in the context of DFT have also been studied in [85, 86] , albeit in a rather different approach.
SU (2) WZW model
The SU(2) WZW model corresponds to a conformal field theory on a three-sphere with non-vanishing H-flux. We therefore consider a three-dimensional parent theory and want to construct two-dimensional child theories.
Parent theory
We start by introducing the setting. We choose the following parametrization for the metric of a round three-sphere with radius R
The coordinates are given by x I = (ζ 1 , ζ 2 , η) with ζ 1,2 ∈ [0, 2π) and η ∈ [0, π/2]. In order for the three-dimensional model to be conformal, the H-flux and dilaton have to take the form
And, indeed, for this background the one-loop β-functionals for the metric and Bfield shown in (3.17) are vanishing. Note also that this background can be brought into the form (3.5). In particular, if we identify
the metric shown in (3.5) becomes (4.1), and the field strength computed from B IJ in (3.5) becomes (4.2).
Child theories
Next, this background has two abelian Killing vectors given by k I = (1, 0, 0) T and k I = (0, 1, 0) T . In order to solve the constraints (2.45), we saw in section 3.1 that not every linear combination can be used for the reduction procedure but that only two choices are possible. In particular, because the metric and B-field of the three-sphere background can be brought into the RV form, (3.13) implies that the two allowed gaugings are
We remark that the overall normalization of the Killing vectors drops out of all formulas. With the help of the identifications (4.3), we can now determine the child theories from the general expressions (3.15) and (3.16).
1. For the first Killing vector in (4.4), we obtain the following reduced backgroundǦ
This geometry is known as the trumpet solution, which is a conformal model provided the dilaton is adjusted through the Buscher shift aš
2. For the second Killing vector shown in equation (4.4), we obtain the reduced background as the cigar solutioň
This is again a conformal model, if we adjust the reduced dilaton aš
For the SU(2) example we have therefore verified our above results, namely that for the RV-type background two isometries can be gauged. The resulting child theories are conformal, and it is well-known that they are T-dual to each other. In particular, T-duality corresponds to interchanging which Killing vector has been used to perform the reduction.
General WZW model
In this subsection we now comment on the generalization of the reduction procedure to arbitrary Lie groups. We first review some properties of Wess-ZuminoWitten models, and then discuss the gauging constraints (2.45) and (2.46).
Action
Let us start with a WZW model for a Lie group G. The corresponding action (without the dilaton term) is given by 9) where g ∈ G and where k denotes the level. The generators of the corresponding Lie algebra {t a } ∈ g with a = 1, . . . , D are normalized such that 10) and the left-and right-invariant forms are given by
Using these conventions, we can determine the target-space metric G and the field strength H by comparing with (2.1) as follows
Here, f abc = f ab d δ dc is completely anti-symmetric in its indices, and the minus sign in the metric ensures that G ab is positive definite. Indeed, for g unitary it follows that (g −1 dg) † = −d −1 dg and thus the first line in (4.9) is negative definite.
Geometry
Let us now briefly recall some of the properties of the target-space geometry. First, the left-and right-invariant forms (4.11) satisfy the Maurer-Cartan equation, that is
Next, we choose a coordinate basis of one-forms {dX i } with i = 1, . . . , D, and expand (4.11) as
The dual vector fields ξ L a and ξ R a are defined via ι ξa ω b = δ a b for the left-and right-invariant sector, leading to the expressions
They are the left-and right-invariant vector fields. For later reference, we furthermore define
The vector fields satisfy the following algebra 17) and they are Killing vectors for the metric G shown in (4.12) , that is
This means, that the isometry group for the Lie group G is G L × G R .
Gauging conditions I
We now want to construct vector fields k α and v α which satisfy the gauging conditions summarized in equations (2.45) and (2.46). We make the following choice 19) for which the dual one-forms 20) where k denotes again the level. Let us now discuss the implications for the gauging conditions:
• Using the properties listed above, we can show that (4.19) and (4.20) satisfy the conditions shown in (2.46).
• Furthermore, since the left-and right-invariant vectors ξ L a and ξ R a are Killing vectors, also k a and v a are Killing. Moreover, also the second row in (2.45) is satisfied, which can be seen by we computing
• Finally, we have to demand that the matrix G defined in (2.33) is invertible. Let us therefore compute 22) where the matrix R had been defined in (4.16). However, G ab with a, b = 1, . . . , D always has an eigenvector with vanishing eigenvalue. 2 Hence, the condition (2.34) for invertibility of G is not satisfied and it is therefore not possible to gauge all isometries with Killing vectors k a for a = 1, . . . , D.
, where g ∈ G. Writing then g = exp(i φ a t a ) and using the Baker-Campell-Hausdorff formula, we see that R 
Gauging conditions II
However, one possibility to obtain a matrix G which satisfies (2.34) is to not gauge all k a for a = 1, . . . , D, but to choose a subset. For instance, let us consider 
Furthermore, the matrix G αβ defined in (2.33) is in general invertible, except at singular points. This is precisely the setting we have encountered in section 4.1 for the SU(2) case.
Discussion
In this subsection we have seen, that the example of the SU(2) WZW model can be generalized to arbitrary Lie groups. For the choice of Killing vectors (4.20) the gauging conditions (2.45) and (2.46) can be satisfied, however, the matrix G ab is not invertible when gauging all k a -isometries. On the other hand, when choosing only a subset of isometries, the matrix G αβ is invertible except at special points. A convenient subset of isometries corresponds to the Cartan algebra, shown in (4.23). It would be interesting to further investigate this point and to construct explicit models, however, this is beyond the scope of this paper.
Summary and conclusions
In this paper, we have discussed how through a gauging procedure the number of target-space dimensions of a non-linear sigma-model can be reduced. In particular, if the parent theory exhibits target-space isometries satisfying the conditions (2.45) and (2.46), it is possible to gauge a corresponding world-sheet symmetry and integrate-out the gauge field. As we have shown, the resulting theory corresponds to a background which is reduced by one dimension. We have then generalized this procedure to gauging N symmetries, resulting in reductions by N dimensions.
In section 3 we have considered a particular class of geometries relevant for double field theory. In the context of T-duality, these have appeared in [6] and have also been used in [52] . They are characterized by the presence of an even number of abelian isometries, and can be viewed as torus fibrations over a base manifold. We have shown that these backgrounds satisfy the gauging constraints summarized in equations (2.45) and (2.46), and we have performed the corresponding reduction. Different choices for which isometries are used for the reduction lead to different child theories, which are T-dual to each other.
For the three-dimensional situation we have furthermore illustrated, that if the parent background is conformal the child theories are conformal as well. As shown in equation (3.26) , the only difference occurs for the dilaton, where the corresponding β-functional of the parent theory is non-vanishing at tree-level due to not being a critical string theory. The reduced child theories on the other hand are indeed string theories with vanishing β-functionals.
In section 4 we have discussed the SU(2) WZW model as an example. This model is conformal and corresponds to the three-sphere with H-flux, and the isometry group contains two abelian isometries. Applying the gauging procedure for one of these two isometries, leads to a conformal model in two dimensions. As it turns out, it is not possible to choose any linear combination of these isometries, but only two choices satisfy the constraints (2.45) and (2.46) . These lead to the cigar and trumpet solution in two dimensions, which are again conformal models and T-dual to each other. We have furthermore commented on the generalization to WZW models on arbitrary Lie groups.
Our studies in this paper provide a starting point for the development of a world-sheet description of double field theory. The novel feature of our formalism is that the reduction from the parent theory to the child theories is realized through a gauging procedure, instead of imposing constraints explicitly. This gauging procedure should correspond to imposing the strong constraint in double field theory, which also eliminates half of the coordinates. The next task in this program is to relate the β-functionals of the world-sheet theory to the equations of motion of double field theory, which we plan to address in future work. Other open questions are to find further explicit examples where the proposed gauging reduction is realized. In particular, it would be interesting to study examples with non-abelian isometry groups. We hope to come back to these points in the future.
A Requirement of vanishing field strength
In this appendix we give some details on the computation leading to the constraints (2.14) and (2.36). However, since the abelian case is included in the non-abelian situation, we focus on the latter.
When gauging a sigma-model with non-abelian isometries, we impose the constraint (2.31) in order to not increase the number of degrees of freedom of the theory. As the matrix M αβ defined in (2.33) is assumed to be invertible, we can write (2.31) also as 0 = M αβ F β .
(A.1)
To compute F α , we need to know how the exterior derivative acts on ⋆dX i on the world-sheet. This is determined by the equation of motion of the gauged action (2.7) for X i which read
where the Christoffel symbols Γ k ij are computed using the target-space metric G ij . Furthermore, it is useful to note that from (2.30) we can derive the following relation
which implies
For (A.1) we then compute
where we have defined which corresponds to (2.14) and (2.36) in the main text.
